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ABSTRACT
A mathematical model for surface fatigue life of gear, pinto:,, or
entire meshing gear train is given. The theory if based on the statis-
tical approach used by Lundberg and Palmgren for rolling-element bear-
ings. Also, equations are presented which give the dynamic capacity of
the gear set. The dynamic capacity is the transmitted tangential load
which gives a 90 percent probability of survival of the gear set for
one million pinion revolutions.
The analytical results were compared with test data for a set of
AIS 9310 spur gears operating at a maximum Hertz stress of 1.71x10 9 N/m2
(248 000 psi) and 10 000 rpm. The theoretical life predictions were very
good when material constants obtained from rolling-element bearing tests
were used in the gear life mode]..
NOMENCLATURE
b	 half width of Hertzian contact, m (in.)
C	 orthogonal _. year stress exponent
E;	 Young's modulus, N/m 2 (psi)
e	 Weibull's exponent
f	 face width of tooth, m (in.) (see fig. 1)
*
Member, ASME; U.S. Army Air Mobility R&D Laboratory, Le^ y is Research
Center.
**
Member, ASME.
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h	 depth of critical stress exponent
K1^ constants of proportionality
K2
L	 pitting fatigue life in millions of revolutions
Lip gear life in terms of pinion rotations
L1
	life of a single pinion tooth
Z	 involute profile arc length, m (in.)
Z 
	 length of contact line, m (in.)
N	 number of teeth
Pb	 base pitch, m/tooth (in./tooth)
Q	 normal tooth load, N (lb)
q	 maximum contact stress, N/m 2 (psi)
r	 pitch circle radius, m (in.)
ra
	addendum circle radius, m (in.)
r 
	 base circle radius, m (in.)
S	 probability of survival.
V	 volume, m3 (in.3)
Wt	transmitted tangential load, N (lb)
WtM dynamic capacity of the gear-pinion mesh, N (lb)
z 
	 depth of occurrence of maximum orthogonal reversing shear stress,
m (in.)
XYZ right handed orthogonal coordinate systems
SN1 heavy load zone roll angle, red
OU low load zone roll angle, red
Y	 tooth contact roll angle, rad
d	 precontact roll angle, red
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Z length of zone of action, m (in.)
n millions of stress cycles
B base circle roll angle, rad
a Poisson's ratio
T maximum subsurface orthogonal -eversing shear stress, N/m 2 (psi)
¢ t transverse pressure angle, rad
h base helix angle, rad
Subscripts:
G gear
H high load
L low load
M mesh of pinion and gear
P pinion
1 reference to driving member
2 reference to driven member
INTRODUCTION
Gears used in power transmissions may fail in several different
ways. Among those modes of failure are scoring of the gear tooth sur-
face due to an inadequate lubricant film, tooth breakage caused by high
bending stresses in the gear teeth, or surface fatigue pitting caused
by repeated applications of high surface contact stress. The scoring
type of failure of the gears may be eliminated by making changes in
gear lubricant or gear tooth profiles [1 - 41. Design methods for the
avoidance of gear tooth breakage are based on the bending endurance
limit of the gear material. Usually in these methods the gear tooth
is analyzed as a cantilever beam with the addition of semi-empirical
i
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4service and geometry factors. If the maximum calculated bending stress
is less than the endurance limit strength of the material then it is
presumed that no tooth breakage will occur [5 - 71. More exact calcu-
lations for the stress in bending have been made using finite element
methods. The results are compared with AGMA and ISO standards on the
strength of gear teeth in [8]. However, this work was done only for
spur gear teeth. In 1960 Wellauer and Sierig presented a semi-empirical
method for analyzing the helical gear tooth as a cantilevered plate, and
the results were incorporated into a strength rating for helical
gears [9, 10].
Current methods of design to resist surface fatigue are based on
the concept of a surface fati gue endurance limit. The current method
[11 - 131 if predicting gear tooth pitting failures is similar to that
used for predicting trith breakage. According to the method, the
Hertzian contact stress is estimated and then modified with service
condition and geometry factors to become the stress number. When the
stress number is less than the surface fatigue endurance limit, it is
assumed that the fatigue life is infinite. In [14] some gear life
tests and roller life tests are reported. The authors state that it
seems there is no pitting limit, but they are of the opinion that theo-
retically there is a surfara endurance limit. Schilke [15] and
Huffaker [16] believe that there is no endurance limit for surface
fatigue. This belief has been the accepted criterion by the rcl2ing
element bearing industry since the publication of two important papArs
by Lundberg and Palmgren in 1947 and 1952 [17, 18].
Recently several authors have applied statistical methods for pre-
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dieting gear life. In [19] a probabilistic method of deciding the
allowable stress from a small amount of fatigue test results is pre-
sented. The method depends on the existence of a surface fatigue
limit. Bodensieck [20] presented a stress-life-reliability system for
rating gear life. His work is a nontraditional approach intended to
give more precision to life and reliability predictions. Work has been
done recently where the theory of Lundberg and Palmgren is applied to
the problem of gear surface fatigue [21 - 231. The Rumbarger surface
fatigue life model [21], while a good approach in theory, may have some
serious limitations as a design tool. In order to apply the model to
life predictions several numerical evaluations of integrals must be
carried out. In addition, there is some question regarding the accu-
racy of the equation pertaining to gear tooth profile incorporated into
the model, and no full-scale gear tests were run to verify the accuracy
of the model.
In [22] the experimental life obtained from fatigue testing of
vacuum arc remelted (VAR) AISI 9310 spur gears was reported. Also the
life theory for surface pitting of spur gears was d^r;, rad. The theo-
retical and experimental lives were in good agreement. Also, experi-
mental life studies have been conducted to determine the failure dis-
tribution of spur gears under various conditions [14 - 16, 22, 24],
but unfortunately there is no similar experimental data for the case
of helical gears.
In view of the aforementioned, it becomes the objective of the
research reported herein to (1) provide a simplified theory for gear
surface (pitting) fatigue failure from which calculations may readily
P,
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be made to provide life estimates of spur and helical gears and (2) to
compare the analytical life prediction with experimental gear surface
fatigue life data. The method of analysis is based on the rolling-
element fatigue theory contained in [17]. Simplifications are incor-
porated into the failure theory for gears based on observations reported
in [24] which reported that fatigue spalls on gears occurred in the
region of the pitch point.
Fatigue Theory
The fatigue-life model proposed in 1947 by Lundberg [17] is the
commonly accepted theory to determine the fatigue life of rolling
-element
bearings. The probability of survival is expressed as follows,
c
log1 - Timor V
S	 h
z
a
where
S	 probability of survival
V	 volume representation of the stress concentration or "stressed
volume"
TI	 millions of stress cycles
e	 Weibull slope
h,c material dependent exponents
Te	 critical stress
ze	 depth of the criticsl stress
Unfortunately, no constant or proportionality was given by Lundberg
and Palmgren for equation (1). However, by working back from a material
constant given near the end of their paper the constant for use in equa-
(1)
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tion (1) was determined [23]. Therefore, the equation for life with a
90-percent probability of survival may be written as follows.
 1/e(!Jzho
	
(2)L1
 = ToV
where
	
Kl - 1.430x10 95 	(SI units)
	
- 3.583x1056 	(English units)
This constant was found to be valid for common bearing steel of 1950
vintage (ASST 52100) [14].
Based on life tests for roller bearings the accepted values for
the exponents are
h = 23
C a 103
e m 13
In the Lundberg and Palmgren theory, the load-life exponent for
line contact is p - (c - h + 1)/2e. The Lundberg-Palmgren a and p
are primary exponents which were obtained from bearing tests. The
values of c and h were obtained from a and p and the results
of tests made with a series of different sized bearings. The values of
h and c are accepted for use in this paper, but the value of e - 3,
which is based on gear tests reported in [15, 16, and 24] will be used
in the calculation for gear life. Based on these values of h, c, and
e a value of p = 1.5 results.
Much of the work by Lundberg and Palmgren was concerned with con-
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8necting the basic equation to common bearing geometry and operating
parameters. In order for the theory to be directly useful and not in-
volve cumbersome calculati o ns, the same approach is used here for gears.
In the next sections a rational way of treating the stress, stressed
volume, and number of stress cycles for gear systems is presented. The
derivations that follow deal mostly with helical geometry. By setting
the helix angle to zero, the equations that follow apply to spur gears.
Maximum Hertzian Contact Stress
Current gear design practice is to estimate the stress at the
pitch point of the teeth by assuming line contact between two cylinders
whose radii depend on the curvature of the helical gear teeth at the
	 ., 9
pitch 2oint. The unit loading on the contact line is estimated by
assuming that the teeth are infinitely rigid and the load is distributed
uniformly along the line of contact [25]. Another method of calculating
load distributions by Matsunaga [26] is based on the assumption of a con-
stant deflection of the teeth in mesh at any point on the line of con-
tact. His calculations are made using an e.ctension of the semi-empirical
"moment-image" method of Wellauer and Sierig [9]. Matsunaga's calcula-
tions show a 22 to 1 variation in the theoretical unit loading across the
contact line. However, the method of calculations neglects Hertzian and
beam shearing deformations. He also noted from his gear tests that when
pitting occurred, it was near the pitch line of the driving member. It
is interesting to note that the highly loaded regions were near the low-
est point of contact on the pinion. The author's (26] opinion was that
scoring wear relieved the high stress in that area and, hence, the region
near the pitch point became more highly stressed causing the resulting
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pitch line pitting to occur. It is the authors' opinion that if a com-
plete analysis considering bending, shear, and Hertzian deformations for
the true helical gear mesh were possible, then the pitch point may be
found to be the most highly waded area. There are two reasons for
this belief. One is that a fatigue spall requires both a high contact
stress and a certain number of stress cycles for its formation. There
is evidence that pitch line pitting can occur without prior scoring
wear that alters the involute tooth form. The second reason is that
the effect of tooth load sharing for spur gears is to cause the heaviest
loads to occur near the pitch point. While it is more c9mplicated to
calculate this effect for helical gears, it is nevertheless probable
that the same effect occurs. The main cause of the effect is the
higher bending compliance of the gear tooth as thr: load nears the tip
of the tooth.
In view of the foregoing observations, the classical approach to
estimating the contact stress seems to be most appropriate at this
time. Figure 1 shows the necessary geometry for estimating the Hertzian
contact stress aL the pitch point. Assuming line contact, the maximum
Hertzian pressure is calculated by the formula [23]
qo
 b( Q	
`3)
c
where Z
.
 is the length of the contact line and the load normal to the
face of the tooth at the pitch point is given by
Wt
cos h cos ^t	
(4)
In the case of spur gears the length k  is the same as the face
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width in contact. According to Hertz t s theory for line contact, the
equation for the semiwidth of the contact is [23]
b	
ttEp k/ ^l E o2)
	
(5)
where
cos
EP	
^b r + r	 (6)sin
^t	 1	 2
The depth to the critical stress and the maximum critical stress for
line contact are given by
To = 0.25 q	 (7)
zo = 0.5 b
	
(8)
Contact Line Length
In figure 2 the zone of action is shown. Several lines of contact
for mating pairs of teeth lie in the zone of action. The process that
takes place can be imagined as a series of slanting lines (the enntact
lines) passing through a stationary viewing frame (the zone of action).
The total length of the lines of contact 
Z  
may be calculated at each
instant of time by graphical or analytical methods. For well designed
gears the minimum length is said to be about 95 percent of the average
total length of the contact lines (12].
kc	0.95	 Kf	 (9)Pb cos %
Figure 3 shows the typical variation that occurs in the .length of the
contact lines for the helical gear. While it is recognized that the
Hertz stress is not constant over the entire cycle of contact, it is
felt that no large errors in approximation will be introduced since
b
h11
the life varies inversely proportional to the load to the 1.5 power.
This load-life exponent is based on the use of Lundberg and Palmgren's
values of c and h (c = 103, h - 23) and on the Weibull slope e a 3
which is obtained from gear tests.
In the case of helical gears of low axial contact ratio, equa-
tion (9) becomes less accurate. Its use shouli be reserved for gears
with axial contact ratio near two. Por other cases Z  should be cal-
culated from the geometry in figure 2.
Stressed Volume
The volume representation which accounts for the size effect of
the material in relation to the extent of the stress field was derived
in [22] for spur gears. The following expression for stressed volume
results
V - Vspur = 4 fZa £	 (10)
where R is the involute length in the zone of single tooth contact.
The product f£ is therefore a representation of the spur gear tooth
surface area which is under contact stress. The factor 3/4 wss intro-
duced in [17]. This factor was used because a uniform stress distribu-
tion across the width of cylinder results when the semimajor axis of the
contact ellipse is equal to U/4.
In the case of helical gears the stressed volume is derivud in
[23] as
V = helical = 4 f,., sec ^b	 (11)
where t denotes the length of involute in the transverse plane. The
length R in the case of spur gears was taken as the involute length
over the region of a single-tooth pair in contact. In the case of
p
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helical gears there is no equivalent length due to the gradually chang-
ing nature of the load sharing between the teeth. Therefore, several
ways to treat the length may be possible depending on which assumption
seems most reasonable for that situation. The simplest choice for t
would be to use the entire length of involute for which there is tooth
action. This would be consistent with the assumption thaL the helical
teeth are infinitely rigid and the only variation in tooth loading is
caused by the changing length of the contact line as described in fig-
ure 3. An alternate assumption is that the length is calculated as for
a spur gear using the transverse plane geometry. The second method is
consistent with the assumption Chao the helical teeth can be modeled as
spur teeth which are slightly displaced from one another along the hel;:x
anrl<, as shows, in figure k. It is further assumed that there is no in-
e,eease in stiffness of the elemental spur section caused by the adjacent
spur sections. Therefore, these two cases are extremes which bracket
the true load sharing ability of the helical gear teeth, and the results
should provide reasonable lower and upper bounds to the statistical
ar ilysis of the life of a helical gear set.
Theoretical Gear Life and Dynamic Capacity
The load and geometry parameters of equations (3), (k), (5), (7),
(8), and (11) are now combined with the basic life theory of equation (2).
The result is an equation for the number of revolutions that a steel gear
can endure with a 90-percent probability of survival of a given tooth.
R Cos	 3/2
L1 = 
C
K 2 cW 
t	
t
/ 	
(cos ^b)11/6(fk)-1/3Ep-35/18 	 (12)
J
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K2 - 132 000 when English units (lbf-in.) are used and 5.28x10 8 for
$1 units (N-m)
By definition, the dynamic capacity Wtp is the transmitted tangential
load that may be carried for one million revolutions of the input drive,
Wtp = WtL2/3	 (13)
The next step in the derivation is to develop the lives and dynamic
capacities for the entire pinion, gear tooth, and entire gear, and fi-
nally for the system which is composed of the gear and pinion in mesh.
The means of relating the lives and dynamic capacities of the pinion and
gear to the life and dynamic capacity of the single pinion tooth is given
by bssic probability theory for independent events. For example, the
probability of survival of the pinion is given by
	
S = SN1	 (14)
p
Following this assumption, for 90-percent reliability, the lives of the
pinion, gear, and mesh can be developed with the use of equations (1)
and (14).
The resultant lives listed here are expressed in terms of millions
of pinion rotations. Details of the derivation are in [22].
For the pinion,
Lp = Nil/3L1	 (15)
For a single gear tooth in terms of pinion rotations
4/3
L2P =
	
(N2N 
J	
Ll	(16)1
For the gear
{
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	 N2N14J3L1 (17)
For the mesh of gear and pinion
3	
_1/g
LM . NJ Z + 
(IN,
N)	
Ll (18)
1:
The dynamic capacity of the gear tooth is given by
CN 
X8/9
W tG a	 N21	
WtP (19)
For the gears in mesh the dynamic capacity is
3	 -L/9
+
WtM =(Nl[ 	 CNZ^
	
WtP (20)
if equation (12) is used in (20) the final equation giving the dynamic
capacity of the mesh may be written as
3 -2/9
 
tNWtM = K2R cos ^t(cos ^b)11/9 (EP) 
-35/27 [INl(
2
1 
+ N /
l )](21)
and if the actual transmitted tangential load is W t then the corre-
spcuding life is given by 	 t
j
L
 = CW3/2
	
{
tMI	 (22)
t /1I
Most of the terms in equation (21) may be calculated from information on
standard gear dimensions. However, as was pointed out earlier, R c and
R, which are the length of the contact line and the length of the in-
a
volute in the critically loaded region, respectively, are not as readily
i
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determined. The approximate contact line length Z  may be found di-
rectly from equation (9) or by an exact analysis. Also, as mentioned
previously, there are two choices for the length of involute k to be
ueed in equation (21). The appendix gives some gear geometry that is
useful in computing Z.
APPARATUS, SPECIMENS, AND PROCEDURF,
Gear Test Apparatus
Spur gear fatigue tests were performed in the NASA Lewis Research
Center's gear test apparatus (fig. 5). This test rig uses the four-
square principle of applying the test gear load so that the input drive
need only overcome the frictional losses in the system.
A schematic of the test rig is shown in figure 6. 011 pressure and
leakage flow are supplied to the load vanes through a shaft seal. As the
oil pressure is increased on the load vanes inside the slave gear, torque
is applied to the shaft. This torque is transmitted through the test
gears back to the slave gear, where an equal but opposite torque is main-
tained by the oil pressure. This torque on the test gears, which depends
on the hydraulic pressure applied to the load vanes, loads the gear teeth
to the desired stress level. The two identical test gears can be started
under no load, and the load can be applied gradually, without changing
the running track on the gear teeth.
Separate lubrication systems are provided for the test gears and the
main gearbox. The two lubricant systems are separated at the gearbox
shafts by pressurized labyrinth seals. Nitrogen was the seal gas. The
test gear lubricant is filtered through a 5-micron nominal fiber-glass
filter. The test lubricant can be heated electrically with an immersion-
VA
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heater.	 The skin temperature of the heater is controlled to prevent
overheating the test lubricant. {
A vibration transducer mounted on the gearbox is used to automati-
cally shut off the test rig when a gear-surface fatigue occurs. 	 The
gearbox is also automatically shut off if there is a loss of oil flow
to either the main gearbox or the test gears, if the test gear oil
overheats, or if there is a loss of seal gas pressurization.
The test rig is belt driven and can be operated at several fixed
7
speeds by changing pulleys.	 The operating speed for the tests reported
herein was 10 000 rpm.
ti
Test Lubricant
All test° were conducted with a single batch of super-refined
i
naphthenic mineral oil lubricant having proprietary additives (anti-
wear, antioxidant, and antifoam). 	 The physical properties of this 1
lubricant are summarized in table I.
	
Five percent of an extreme pres-
sure additive, designated Anglamol 81 (partial chemical anal,^sis given
in table II), was added to the lubricant.	 The lubricant flow rate was
held constant at 800 cubic centimeters per minute, and lubrication was
supplied to the inlet mesh of the gear set by Jet lubrication.
	 The
lubricant inlet temperature was constant at 319±6 K (1150+-100 F), and
the lubricant outlet temperature was nearly constant at 350±3 K
(1700±50 F).	 This outlet temperature was measured at the outlet of the
test-gear cover.
	 A nitrogen cover gas was used throughout the test as
a baseline condition which allowad testing at the same conditions at
much higher temperatures without oil degradation. 	 This cover gas also
reduced the effect of the oil additives on the gear surface boundary
r.
i17
lubrication by reducing the chemical reactivity of the additive-metal
system by excluding oxygen [27].
Test Gears
Test Ears were manufactured from vacuum are remelted (VAR) AISI
9310 case carburized steel to an effective case depth of 1 mm (0.040 in.).
The material chemical composition is given it% table III and the heat
treatment schedule is given in table IV. The nominal Rockwell C hard-
nesses of the case and core were 62 and 45, respectively. This material
is a commonly used steel in gear manufacture.
Photomicrographs of the microstructure of the AISI 9310 are shown
in figure 7. Figure 7(a) shows the high-carbon fine grained martensitic
structure of the hardened case of the gear. Figure 7(b) shows the core
region of the gear with its softer low-carbon refined austenitic grain
structure.
Dimensions for the test gears are given in table V. All gears
have a nominal surface finish on the tooth face of 0.406 micrometer
(16 pin.) rms and a standard 20 0 involute tooth profile.
Test Procedure
The test gears were cleaned to remove the preservative and then
assembled on the test rig. The test gears were run in an offset con-
dition with a 0.30-centimeter (0.120 in.) tooth-surface overlap to give
a load surface on the gear face of 0.28 centimeter (0.110 in.) of the
0.635-centimeter (0.250 in.) wide gear, thereby allowing for edge radius
of the gear teeth. By testing both faces of the gears, a total of four
fatiga.e tests could be run for each set of gears. All tests were run-in
at a load of 1157 newtons per centimeter (661 lb/in.) for 1 hour. The
18
load was then increased to 5784 newtons per centimeter (3305 lb/in.) with
a 1.71x109 newton per square meter (248 000 psi) pitch-line Hertz sttess.
At the pitch-line load the tooth bending stress was 24.8x10 8 newtons per
square meter (35 100 psi) if plain bending is assumed. However, because
there is an offset load there is an additional stress imposed on the
tooth bending stress. Combining the bending and torsional moments gives
0.
	
a maximum stress of 26.7x108 newtons per ogjare meter (38 100 psi). Tlas
bending stress does not consider the effects of tip relief which will
also increase the bending stress.
The test gears were operaCed at 10 000 rpm, which gave a pitchline
velocity of 46.55 meters per second (9163 ft/min). Lubricant was sup-
plied to the inlet mesh at 800 cubic centimeters per minute (0.21 gal/
min) at 319±6 K (115°±10° F). The tests were continued 24 hours a day
until they were shut down automatically by the vibration-detection trans-
ducer located on the gearbox, adjacent to the test gears. The lubricant
was circulated through a 5-micron fiber-glass filter to remove wear par-
ticles. A total of 3800 cubic centimeters (1 gal) of lubricant was used
for each test and was discarded, along with the filter element, after
each test. Inlet and outlet oil temperatures were continuously recorded
on a strip-chart recorder.
The pitch-line elastohydrodynamic (EHD) film thickness was calcu-
lated by the method of Grubin [28]. It was assumed, for this film thick-
ness calculation, that the gear temperature at the pitch line was equal
to the outlet oil temperature and that the inlet oil temperature to the
contact zone was equal to the gear temperature, even though the oil inlet
temperature was considerably lower. It is probable that the gear surface
f	 _^(	
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temnrtrature could be even higher than the oil outlet temperature,
especially at the end points of sliding contact. The MID film thickness
for these conditions was computed to be 0.65 micrometer, (26 pin.), which
gave a ratio of film thickness to composite surface roughness (h /0) of
1.13.
t
RESULTS AND DISCUSSION
Gear fatigue tests were conducted with gears made from vacuum arc
remelt (VAR) AISI 9310 steel. Test conditions were a load of 5784 new-
tons per centimeter (3305 lb/in.), which produced a maximum Hertz stress
at the pitch line of 1.71x10 9 newtons per square meter (248 000 psi); a
test speed of 10 000 rpm and a gear temperature of 350 K (170 0 F). A	 -$ 4
super-refined naphthenic mineral oil was the lubricant. Failure of the
gears occurred due to surface fatigue pitting. Test results were sta-
tistically evaluated using the methods of [29]. The results of these
tests are plotted on Weibull coordinates in figure 8. Weibull coordi-
nates are the log-log of the reciprocal of the probability of survival
graduated as the statistical percent of specimens failed (ordinate)
against the log of time to failure or system life (abscissa). The ex-
perimental ten percent life or the life at a 90-percent probability of
survival was 11.4 million revolutions or 19 hours of operation.
The theoretical ten percent life for this set of conditions was
calculated using equation (17). The results of the calculation are
listed in table VI. The exponents h and L, and material constant
K2
 are based on rolling-element bearing experience and the Weibull
slope a is based on gear tests reported in [15, 16, and 24].
It should be remarked here that in the original work [17] the
^	 `	 n
f
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Weibull slope a was assumed to be independent of the stress level and
reliability level S. There is some evidence in [15] showing that the
exponent a is dependent on the stress level. However, the value of e
used above is a representative value at the stress level used in the
gear tests performed at NASA.
Two cases are calculated in table VI. Case I was done using the
t..	
length of involute in the heaviest load zone of single tooth contact
giving a life of 54.9 hours. Case II was done using the entire involute
length for which there is tooth contact giving a life of 33.2 hours.
The predicted life can be considered a reasonably good engineering
approximation to the experimental life results. However, the theoreti-
cal prediction does not consider material and processing factors such as
material type, melting practice, or heat treatment; nor does it consider
environmental factors such as lubrication and temperature. All thew
factors are known to be extremely important in their effect on rolling-
element bearing life [30]. There is no reason why these effects should
be significantly different in determining gear life from those in deter-
mining gear life where pitting fatigue is the life-limiting criterion.
From [30] with a h/o ratio of 1.13 the life adjustment factor
due to lubrication effects is approximately 1/2. Therefore, the cor-
rected values of life for cases I and II are 27 hours and 17 hours, re-
spectively. As mentioned previously, the choice of involute length used
gives lower and upper bounds for the predicted life. The theoretical
failure distribution is plotted with the test data in figure 8. More
test data obtained with gear specimens under various test conditions
and different materials and lubricants are required to establish and/or
a
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affirm the material constant K2 and the exponents c, h, and a for 	 i
gears. However, the results presented herein support the use of the
statistical methods presented for predicting gear fatigue life with a
standard involute profile.
SMIKARY OF RESULTS
An analytical model was developed to determine the fatigue life
and dynamic capacity of spur and helical gears. The analytical results
were compared with experimental gear life data obtained with a group 	 3
of vacuum arc remelted (VAR) AISI 9310 spur gears. The test gears had
a standard 20 0 involute profile and a 8.89-centimeter (3.5 in.) pitch	 I
diameter. Teat conditions were a maximum Hertz stress of 1.71x10 9 new-	
.,I
tons per square meter (248 000 psi), a speed of 10 000 rpm, and a tem-
perature of 350 K (1700 F). The lubricant was a super-refined
naphthenic mineral oil with an additive package. The following results
were obtained:
1. There was a good agreement between the predicted gear mesh life
and the experimental life results.
2. The experimentally determined Weibull slope, e, for a sample of
spur gears and the material constant K2 and exponents h and c from
roller-bearing life tests were used successfully to predict gear life.
However, further experimental work is needed to give statistical signifi-
cance to those exponents and the material constant.
3. The dynamic capacity of the spur or helical gear mesh is given by
/N
3] -2/9
WtM K2zc cos ^t(cos 
^b)11/9(Ep)-35/27 fRNl,1 t 1 Nl
	(23)
2
I
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and the life corresponding to a particular transmitted load is given by
L	 ^^	
3/2
tMl1 W
t)	
(24)	 I
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APPENDIX - GEAR GEOMETRY NECESSARY FOR CALCULATING
THE INVOLUTE LENGTH OF CONTACT R
From figure 9 the differential length of involute profile in the
transverse plane can be related to the roll angle of the pinion by
the equation
dR, - rbl01 d6 1	(Al)
After integration between any two angular positions of the pinion, the
increment of involute length is	
\
k ' r21 (I Ul - eLl)	 (A2)
Figure 10 shows the load diagram for a spur gear with low contact ratio,
A summary of the equations needed for calculation of the various anjlec
shown on the abscissa of the load sharing diagram are derivable from the
gear geometry. They are listed here for reference,
	
5 = (r 1 + r2 )
sin ^t -	 rn
rbl	
2 - rb2
(A3)1
S - pb
SLl	 r	 (A)bl
SH1
	
	 2Pr -	 (A5)bl
where
= 
ral - rbl + ra2 - rb2 - (rl + r 2 )sino
2nrbl
Pb = N1
t
(A6)
(A7)
A
•%A
f'.
i-:
i
a
G
24
rb a r cos 4 t 	(M)
If the length of involute for which only one pair of tooth in contact are
wanted, use
OL1 . 6  + O U	
(A9)
0 U , 0 L + aHl	
(A10)
If the entire length of the involute is wanted, then use
OLI 
o 
61	
(All)
0 U a 0 L + 20 L + 0H1	
(Al2)
However, this set of equations was originally derived for the case of
low contact ratio spur gears where 1 < r/pb < 2. If the value of the
transverse contact ratio is larger (i.e., r/pb > 2), then it is sug-
gested that 0 U be calculated with
0 U = d l 
+ Y 
	
(A13)
where yl is the total pinion roll angle for which there is tooth con-
tact
yl 
o 
s	
(A14)
rbl
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TABLE 1. - PROPERTIES OF SUPERRE:FINED, NAPHTHVNIC,
MINERAL-011. TEST LUBRICANT
Kinematic viscosity, cm 1, flee (CS). at
266	 K	 (20"	 F)	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 2812 . 10 -2 (1H12)
311	 K	 (100')
	.	 .	 .	 .	
.	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 73 . 10 -2 (73)
372
	
K (2100
	F)	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . 7. 1 y 10' 1 (7.7)
477 K (400" F)
	
.	 .	 .	 .	 . 1.6.10-2 (1.6)
Flash	 point,
	 K ( 0 F)	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . 489 (420)
AutotKmuon temperature,
	 K ( 0 F)	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 664 (735)
Pour	 point,	 K ( o F)	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 236	 ( -35)
Dvnflity at 289 K (60" F1,	 g/cm 3 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 0. 8899
Vapor pr y mhure at 311 K (100' ) F),	 mm Hg (or tort)
	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	
0.01
rhermal conductivity at 311 K (100" F ► , J/(m)(sec)(K) (Btu/(hr)(ft)( o F)1. .	 .	 0.04 (0.0725)
Specific heat at 311 K (100" F),
	
J (kg)(K) (Btu /(Ib)(oF)) 5H2 (0. 450)
1
A_-- ' ... _..
yi
TABLE II. - PROPERTIES OF LUBRICANT ADDITIVE ANGLAMOL 81
Percent phosphorous by weight . . . . . . . . . . . . . . . . . . . 0,66
Percent sulfur by weight. . . ,. . . . . . . . . . . . . . . . . . . 13.41
Specific gravity. .
	
. . .0.982
Kinematic viscosity at 372 I: (210o' F), cm2/sec . (cS)	 29.5x10-2 (29.5)
TABLE III. - CHEMICAL COMPOSITION OF VAR AISI 9310
GEAR MATERIAL BY PERCENT WEIGHT
Element C
	 MN	 SI	 NI	 CR	 MO	 CU	 P&S
Weight
	
0.10 0.63 0.27 3.22 1.21 0.12 0.13 0.005
percent
TABLE IV. - HEAT TREATMENT PROCESS FOR AISI 9310
Step Process Temperature, Time,
K ( O F) hr
1 Carburize 1172 (1650) 8
2 Air cool to room temperature
3 Copper plate all over
4 Reheat 922 (1200) 2.5
5 Air cool to room temperature
6 Austenitize 1117 (1550) 2.5
7 Oil quench
8 Subzero cool 189 (-120) 3.5
9 Double temp 450 (350) 2 each
10 Finish grind
11 Stress relieve 450 (350) 2
,I
s^
)l
i
4
l
i
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TABLE V. - SPUR GEAR DATA
[Gear tolerance per ASMA class 12.1
Number of teeth 	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 2H
Diametral pitch	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 8
Circular pitch, 	 cm (in.)	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 0.9975 (0. 3927)
Whole depth,	 cm (in. )	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 0. 762
	
(0. 300)
Addendum,	 cm (in. )	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 0. 318	 (0.	 125)
Chordal tooth thickness reference, cm (in.) .
	
.	 .	 .	 .	 .	 .	 .	 0. 485 (0. 191)
Pressure angle,	 deg	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 20
Pitch diameter,
	 cm (in. )	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 8. 890 (3. 500)
(inside diameter,
	
cm (in. )	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 9. 525	 (3. 750)
Itoot	 fillet,	 cm	 (in. )	 .	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 0. 102 to 0. 152 (0. 04 to 0. 06)
Measurement over pins, cm (in.) 9. 603 to 9. 630 ( 3. 7907 to 3.7915)
Pin diameter,
	
cm (in. )	 .	 .	 .	 .	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 0. 549 (0. 216)
Backlash reference, cm (in.) 	 .	 .	 .	 . .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 0.0254 (0,010)
Tip	 relief,	 rni	 (in. )
	
.	 .	 .	 .	 .	 .	 .	 .	 .	 . 0. 001 to 0. 00 15 (0. 0004 to 0. 0006)
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Rgure 3. - Typical periodic variation in the total length of 
the contact lines In the helical gear mesh. 
Rgure 4. - Stepped spur gears. A helical 
gear results when there is a large num-
. ber of very thin gear sections. 
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